Nonseparable solutions TF<n) of (V2 + k2)W'n) = 0 are linearly independent, but inter-related through a generative differential operator. The nonseparable of order n = 0 is the familiar separable solution. In two cartesian coordinates, a sum of zero and second order solutions can describe transverse motion of a membrane of unique boundary contour. In three coordinates the same sum can describe acoustic pressure in a uniquely shaped cavity with pressure-release walls.
Abstract. Nonseparable solutions TF<n) of (V2 + k2)W'n) = 0 are linearly independent, but inter-related through a generative differential operator. The nonseparable of order n = 0 is the familiar separable solution. In two cartesian coordinates, a sum of zero and second order solutions can describe transverse motion of a membrane of unique boundary contour. In three coordinates the same sum can describe acoustic pressure in a uniquely shaped cavity with pressure-release walls.
Introduction. Conventional solutions of the Helmholtz or time-reduced wave equation are readily found through the college-taught method of separation of variables. However, there exist other independent solutions, derivable from these (as will be shown) yet not obtainable by this method. The latter are being called nonseparable solutions, because none is a simple product of functions, and hence none can be separated into factors that contain one independent variable in each. This behavior was shown in a previous paper [1] , which presented nonseparable solutions of the vector Helmholtz wave equation in circular cylindrical coordinates limited to symmetry about the axis.
The Helmholtz wave equation in scalar form is
where V2 is the Laplacian operator for the appropriate coordinate system, k is the phase constant, u/c, and W is the solution. In all that follows, rectangular coordinates will be used, so that the Laplacian is
Two-coordinate variables. Let W = f(x, y). The separable solution is then
where k2 = a2 + 62
and a and /3 are constants.
If we form the two-dimensional operator
and operate upon the solution W, we obtain a nonseparable function which is likewise a solution of (1) 
since a ^ a(x, y).
The first four members of the set of nonseparable solutions based on Eq. (3) are IF<0) = sin (ax + a) sin (by + 0), 
where, for each TF<n>, the frequency equation is Eq. (4).
Another two-dimensional set can be derived from the exponential form of separable solution, namely, W -V(r, s) = exp ir. Let r = ax ± by (12) and s -bx -F ay.
Then the generative operator becomes
and the solutions of order 0 < n < 5 are
Fu) = ise'r,
F<5) = is[(is)i -10ir(is)2 + 15(t'r)2 -10(is)2 + loir + l]e".
Members of this set are related to TF = j(x, y) through the following expression:
where the plus and minus subscripts indicate which choice of algebraic sign has been taken in r. 
and 5 is a constant. The generative operator for obtaining nonseparable solutions is not uniquely defined in three dimensions, since W = W(x, y, z, a, b, d), where b = b(a, d), by Eq. (24).
One operator 03C has been worked out for the equation TF<n+1) = 03CWm (25) and it is
where 
and TF<2> = (x2 + y2 + z2) sin x sin y sin z + x cos x sin y sin z + y sin x cos y sin z + z sin x sin y cos z + yz sin x cos y cos z + xz cos x sin y cos z + xy cos x cos y sin z.
Eq. (32) is a symmetric function, since it transforms into itself when its variables are interchanged in pairs.
Application to membranes. The simplest two-dimensional application of the Helmholtz wave equation is to membrane motion at right angles to the plane of a membrane. If rj be defined as the instantaneous displacement of any point of a membrane, then W(n), of the set illustrated by Eqs. (8-11), may be regarded as the amplitude of the displacement in the equation rj = W'n> cos ot.
Zero amplitude, the customary Dirichlet condition for a membrane boundary, occurs at all points , t/;) which solve the two-dimensional transcendental equation
The locus of points (a;, , yt) in the x-y plane is a nodal pattern, any line of which can be considered the edge of a membrane, by supposing that a clamp conforming to the line is impressed there. Solution Wi0> = 0 gives rise to the familiar grid of nodal lines. Solutions W(n) = 0, for n = 1, 2, 3, and a = 6=1, have been examined individually. Nine distinct nodal patterns, the result of taking a = 0 or 7r/2, and /3 = 0 or -k/2, are presented in Fig. 1 , the fourth pattern of each order being identical with the third upon pattern rotation of 90° about the origin. In each pattern there is the necessary phase reversal upon crossing a nodal line. However, the finding is that none of these patterns of nodal lines exhibit closed areas within a finite span of membrane; but rather there is amplitude growth without limit as one moves out from the origin parallel to diagonals and between the nodal lines. Hence individual WM for n > 0 are not descriptive of real membranes.
Solutions in combination have received exploratory attention. Solution IF<0> perturbed by adding a small proportion of solution WV2> produces a closed boundary that is a smooth distortion of the boundary given by the separable alone. For this combination, the instantaneous displacement is given by Fig. 1 . Some patterns of W= 0 on an infinite membrane. Several features of the patterns for nonzero C may be noted.
(1) The existence of closed areas shows that nonseparables combined under these conditions should be adaptable to real membranes.
(2) The three patterns suggest (but do not fulfill) an overtone sequence ascending from right to left. 
where c is the velocity of phase propagation on the membrane. The frequency of resonance of a real membrane depends upon dimension, phase velocity and shape. For either shape in Fig. 3 , the frequency is given by the relationship co/27r = V2 c(aS)0/2irS,
where S is the length of the straight edges of the real membrane and (aS)0 is the coordi-[Vol. XXVII, No. 4 A final note on the solutions appropriate to finite membranes is that none of the closed contours so far found for C ^ 0 is geometrically similar to any other. Therefore the question of producing overtones on a membrane contoured in accordance with any closed area from among the lower three patterns of These surfaces are formed by the three planes which contain the coordinate axes and by curved surfaces which meet these planes at right angles. The curved surfaces are the locus of those nonzero points (x{ , ])i , z{) which make the bracket of Eq. (39) equal to zero.
The intersection of curved surfaces with the z-coordinate plane was found by evaluating points (Xi , yi) for z = t with e allowed to approach zero closely enough to justify the approximations sin e = t and cos e = 1. The nodal pattern in the x-y plane given by z = e is presented in Fig. 5(a) . The pattern which is Fig. 5(b) is the intersection of curved nodal surfaces with the planes given by z = ±mir with m ^ 0.
Since TF<0> and Wi2) are symmetrical to cyclic rotation of coordinates, the patterns of Fig. 5 are equally applicable with coordinates cycled. Based upon this property, a three-dimensional model of a portion of one octant was constructed from these patterns as an aid to visualization of the volumes enclosed by the nodal surfaces. Fig. 6 is a reproduction of this model. Wavy lines on the planes are the intersections on them of other nodal surfaces which are apparent in Fig. 5 and which are not closed.
Application to acoustical cavities. In the theory of acoustics the wave equation for sinusoidal waves is Eq. (1), and the boundary condition of an acoustic cavity is a specified wall impedance given by rms sound pressure in ratio to rms particle velocity normal to the wall. In symbols the impedance is
where p is a scalar and vn is the normal component of the vector particle velocity. Most frequently the assumed condition is that Z is infinite through the vanishing of the normal component of particle velocity upon the wall. The other two of the three mutually orthogonal components of particle velocity are not necessarily zero at the wall, and are not determined by that portion of wall.
There has not, as yet, been discovered a nonseparable velocity potential from which to obtain v" -0 on a closed surface. There is, however, a mathematical meaning for the alternate condition of zero impedance upon the walls. It is that the pressure there is zero. Thus we can use Eq. (39) to identify <p with p, or <p with a velocity potential from which to derive p according to
where p is the mean mass density of the medium within the cavity. One may compute frequency of resonance of the volumes of Fig. 6 by referring those volumes to the cubes which would enclose them. The method is essentially that described for membrane patterns. If the frequencies of the distorted cube and of the reference cube be od and cor , respectively, the ratio R = ud/ur is as follows: for innermost volume, R = 0.983; inner two volumes, R = 2.042; all three volumes, R = 3.103. In each case, the reference cube is one whose side length is equal to the side length of the chosen volume.
While a volume enclosed with walls of zero impedance is mathematically possible, it is nonetheless physically impossible. To produce a pressure-release boundary would require an enclosing wall of no mass or stiffness, yet capable of confining a liquid or gas without escape of matter. Therefore, a practical application of nonseparable solutions to three dimensions is yet to be found.
Summary and conclusions. Sets of nonseparable solutions IT(n) with n > 0 have been defined in two and three rectangular coordinates. Differential operators which generate them from the separable solutions W{0) have also been defined.
The locus of each equation Il/<n) = 0, for n > 0, is a pattern which contains no closed regions of finite area or volume. However, patterns in which finite regions are enclosed have been found for certain two-and three-dimensional renditions of the equation IV"" + CIF(2> = 0
in which C is a parametric constant. This means that the left side of Eq. (42) is an eigenfunction for those closed regions. However, an extensive investigation of nonseparables as components of eigenfunctions is needed before applications people can readily use this mathematics.
